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INTEGER NUMBER SOLUTIONS OF LINEAR SYSTEMS 
Definitions and Properties of the Integer Solution of a Linear System 


Let’s consider 


(Qh Sash. calm 





a linear system with all coefficients being integer numbers (the case with rational 
coefficients is reduced to the same). 


Definition 1. x, =x‘, j=l,n, is a particular integer solution of (1) if 





n 

0 . o A 

x; eZ, j=1,n and San =b, i=l,m. 
j=l 


Let’s consider the functions Í; :Z' >Z, j= Ln, where h EN”. 


Definition 2. x pa Si (Riek) j= Ln , is the general integer solution for (1) if: 


(a) Ya ak) =b,, i=1,m, irrespective of (Kk, )EZ; 


j=l 

(b) Irrespective of x, = x ,j=lna particular integer solution of (1) there is 
(k),....k)) €Zsuch that f,(k),...,k;)=x,,j=1n. (In other words the general solution 
that comprises all the other solutions.) 


Property 1. 

A general solution of a linear system of m equations with n unknowns, 
r(A) =m <n, is undetermined (n — m) -times. 

Proof: 

We assume by reduction ad absurdum that it is of order r, 1<r <n- m (the case 


r =(), i.e., when the solution is particular, is trivial). It follows that the general solution is 
of the form: 


XU Py +. P, TY, 
(Si) 
X, =U, Pi t..tu,,P,tVrs Up VEZ 
P, = parameters € Z 
We prove that the solution is undetermined (n —m)-times. 


The homogeneous linear system (1), resolved in r has the solution: 
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we obtain the solution 





m 
m+l1 


D 





m+1 








n 


+... + ——x 
D 


Let x, = x?, i =1,n , be a particular solution of the linear system (1). 
Considering 


Xm+1 =D. Raia 
x, =D-k, 
1 0 
Dya Kiel +. .+D, "k, +X 
m 
Xm = Dia shai Het D; "k, +x), 
Xing oa =D. kns + ra 


0 
x, =D-k,+x,, 


m+1 


k, = parameters € Z 


which depends on the n- m independent parameters, for the system (1). Let the solution 


be undetermined (n— 


x; 


(S2) 


= unknowns eZ, a, b eZ. 
I. The case b, = 0, 


X = Cak +--+ Cty aK 


m)-times: 


x, =C k +-.+u 


+d, 


n-m 


ka +4, 


nn-m n-m 


c, d, €Z, k, = parameters € Z 


(There are such solutions, we have proved it before.) Let the system be: 


aX H.+ A,X, 


x, =b, 


Ay X +-+ yyy X 


mn” n 


ij? 


=b, 


i=1,m results in a homogenous linear system: 
A,X; +... +a X, =0;i= 1m. 


(S2) 3 a; (Caki +-+ CinomKnom +d, )+ ee + in (Ciki ++ Cn nKn om +d, P= 0 


0= (a,c), +...4+4,,C Cu Jk, urt (anc of Pate CS 
Vk, €Z 

For k =...=k,_,, =0=> a4,d,+...+4,d, =0. 

For k, Ried = Reed k,  =0 andk,=1 > 








nn-m n-m 


Jk,-m + (ad, +...+ ad, ) 
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=> (aith +..+4,€ )+ (4,4, +...+ a,d\” )= 0> 


in~nh 


A,Cy, +..+4,C, =0, Vi=l,m, Vh=1,n-—m. 


in~nh 


The vectors 


(cn) 





Cah 
are the particular solutions of the system. 
V „ h=1,n-m also linearly independent because the solution is undetermined 
(n — m) -times [V a +d isa linear variety that includes the solutions of the system 


obtained from (S2). 
Similarly for (S1) we deduce that 


(U,, ) 





are particular solutions of the given system and are linearly independent, because (S;) is 
(V \ 
undetermined (n = m) -times, and V = l is a solution of the given system. 


V, 
Case (a) U,,...,.U,, V = linearly dependent, it follows that {U.U} is a free 
sub-module of order r<n-m of solutions of the given system, then, it follows that there 


are solutions that belong to {V ,...,V,_„}+d and which do not belong to {U,,...,U,}, a fact 


which contradicts the assumption that (S1) is the general solution. 


Case (b) U,,...,U,, V = linearly independent. 
{UU} +V is a linear variety that comprises the solutions of the given system, which 
were obtained from (Sj). It follows that the solution belongs to {V,,...,V,_,,} +d and does 
not belong to {UU R +V , a fact which is a contradiction to the assumption that (S1) is 


the general solution. 
I. When there is an i e1,m with b, + 0 then non-homogeneous linear system 





aX; +... +4,X, =b, t=1,m 


(S2) > a, (Cki +e + Cin mknn +d to + ap (Ciki He tC +d, )=b, 
it follows that 


=> (a,c), +...+ a,c, i +...+ (ainm +...+4a, C Km + (and, +...+ a„d,)= b, 


in nn-m 


mem in 


For k =...=k,_, =0 > a,d,+...1+4,d, =b; 
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For k =...=k,,=k 


yal: T 





=k,_, =0 and k, =1> 


=> (a,c; +.. Hage )+ (a,,d, +...+4, d,)= b, it follows that 


in nj in” n 





mys Yi=1,m, Vj=ln—m. 


ee .+4,,c,, =9 = 
> 
a,d,+..+a,d, =b; 


fen) 


V,=|: |, j=l,n-m, are linearly independent because the solution (S2) is 


Cc 


undetermined (n — m) -times. 
(d, \ 
(?!) V., j=1,n-m , and E | 
d, 


are linearly independent. 
We assume that they are not linearly independent. It follows that 
(Siči +. + ae ee 
d=SV,+..+58, Vom = 


SiC, tets 


n-m Ciis m 
Irrespective of i=1,m: 
b =a,d,+...+4,d, = cae +S, nCinem J+ et Gin (SC ek E oe = 


in“n 
= = (G0: F.t anc nl )s, +. wt (a,c, m F.t AinCnn- m S n-m =0. 


Then, b, = 0, irrespective of i= l,m , contradicts the hypothesis (that there is an i el,m, 
b, #0). It follows that V,,...,V, 


IVV mt +d is a linear variety that contains the solutions of the non- 


_n-d are linearly independent. 
homogeneous system, solutions obtained from (S2). Similarly it follows that 
{GG} +V is a linear variety containing the solutions of the non-homogeneous 


system, obtained from (S1). 
n-m>r it follows that there are solutions of the system that belong to 





“2?!” means “to prove that” 


{V> V,m} +d and which do not belong to {G,,...,G,}+V , this contradicts the fact that 


(Sı) is the general solution. Then, it shows that the general solution depends on the n — m 
independent parameters. 


Theorem 1. The general solution of a non-homogeneous linear system is equal to 
the general solution of an associated linear system plus a particular solution of the non- 
homogeneous system. 

Proof: 

Let’s consider the homogeneous linear solution: 
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aX +..+4,,x, =0 


, (AX =0) 
aX $+ BX, = 9 
with the general solution: 
Xy = Cki + ooet CinomKa-m + d 


X, = Caki Hoet Ce ie td 


nn-m n-m n 


and 


with the general solution a particular solution of the non-homogeneous linear system 
AX =b; 


= 0 
X Syl bac Ka td +X 
(2!) 
0 
X, = Ck Het On gh td, tX, 
is a solution of the non-homogeneous linear system. 
We note: 


(vector of dimension m ), 


(k, \ ore Chix (d, \ 
Leet 
Krm EE Ss d, 


AX = A(Ck+d+x°)=A(Ck+d)+AX° =b+0=b 
We will prove that irrespective of 


220 
%4 =) 


x?) 


1 
0 
Xn 


i N 


X, = Yn 
there is a particular solution of the non-homogeneous system 


k,=k eZ 


Kpm a kon € Z 
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with the property: 


= 0 0 0.0 
X = Ck +... +04, m $4, 4%, =, 


0 0 0 0 
X= Ck Het Cn mhn-m (4 +%, E y, 
(y°) 


We note Y° =|: |. 
y, 


We’ll prove that those k? eZ, j=1,n—™m are those for which A(cx® + d)= 0 
(there are such X? EZ because 
x, =0 


x, =0 
is a particular solution of the homogeneous linear system and X = CK +d is a general 
solution of the non-homogeneous linear system) 
A(CK°+d+X°-Y°)=4(CK° +d)+ AX°- AY’ =0+b-b=0 


Property 2 The general solution of the homogeneous linear system can be written 
under the form: 








(SG) 
My iy Feit Cyne 
(2) : 
X, = Caki Heet Ce ok 
k, is a parameter that belongs to Z (with d, =d, =...=d,=0). 
Poof: 


(SG) = general solution. It results that (SG) is undetermined (n — m) -times. 
Let’s consider that (SG) is of the form 
Xi = Cy Py tet Cin Pam t4 
(3) 
m-mPn-m + dp 
with not all d, =0; we’ll prove that it can be written under the form (2); the system has 


X, = CPi +...+€ 
the trivial solution 

x,=0eEZ 
x,=0 EZ 


it results that there are p, €Z, j=1,n—m, 
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= 0 0 = 
X = Cy Py +--+ Cy Pam +4, =9 
(4) 
=c p° +...+ ° +d, =9 
xX, = CaP sae Crn—-mPa—m no 


n 


Substituting p, =k, + Ps jJ=1,n-—m in(3) 


>p, €Z, 


which means that that they do not make any restrictions. 
It results that 


= 0 0 
X = Cak eee Kp CCP +-+ Oe De T d,) 


X, = Caki PhO Ry g t (a +..4+C, Po + d,) 
But 
Cy Py t+ CnP n +d, =0, h= l,n (from (4)). 
Then the general solution is of the form: 
X = Cki Aa Pee ok 


n-m 


X, = Caki H.+ Con mK 


nn-m n-m 








k, = parameters eZ, j=1,n-m; it results that d, = d, =... =d, =0. 


Theorem 2. Let’s consider the homogeneous linear system: 
aX +..+4,%, =0 
2 


aX t+ Arn Xp_ =O 


r(A)=m, (Gy, )= 1, h=1,m and the general solution 


Xi = Caki +-+ Cin-mK 


n-m 


X, = Cki Hatt k 


nn-m n-m 


then 





(aes a n e A 
irrespective of h=1,m and i=1,n. 
Proof: 
Let’s consider some arbitrary h €1,m and some arbitrary i €1,n; 


yy XH vee F Ani Xj E Ani si Xi Poe E ApnXn = AXi. 
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Because 


Ahi 





(dasa niia O) 
it results that 


x; 





d= (Apres itis asus) 
irrespective of the value of x, in the vector of particular solutions. 
For k, =k, =...=k,_,, =0 and k, =1 we obtain the particular solution: 








X= Cy, 


c= 6, dlec, 


n nl 
For k =k, =...=k,_,,=0 and k, ,,=1 it results the following particular 
solution: 
X = Cin-m 
Xi = Cin-m => d | Cin-m ; 
Xn Can—m 
hence 
dlc; j=1,n-m => A E E 
Theorem 3. 
If 


X = CK, +--+ Cay nk. 


n-m 


PON Aa x E 


nn-m n-m 


k, = parameters €Z, c, €Z being given, is the general solution of the homogeneous 
linear system 
aX +... +a, X, =0 
, r(A)=m<n 
aX t+ Any Xp_ =O 
then (apes) =1, Vj= Ln—m. 
Proof: 
We assume, by reduction ad absurdum, that there is jọ eln—m: (c, eCa ) =d 


we consider the maximal co-divisor >0; we reduce to the case when the maximal co- 
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divisor is —d to the case when it is equal to d (non restrictive hypothesis); then the 
general solution can be written under the form: 


X = Cy ky +. + 0, dk, +--+ Cin mk, 


n-m 


(5) 


X, = Caki +. + Cy dky +0 + Con mk 


nn-m n-m 


where d E N) Ci, =d: c; and fe) ce) E 


We prove that 


%4 = Ch 


x, =C 


n njo 


is a particular solution of the homogeneous linear system. 





We’ll note: 
Ík, 
(c, on d. ed.) 
C= ,k=| k; 
Cn ns e Can-m 
ko-m 


x=C-k the general solution. 


[aan | 
We know that AX = 0 > A(CK)=0, A=|: 


a 


nl*** “mn 


We assume that the principal variables are x,,...,x,, (if not, we have to renumber). 


It follows that x ..X, are the secondary variables. 


m+1?°* 








For k,=..=k, =k. =--=k,, =9 and k =1 we obtain a particular 
solution of the system 
X= C,4 aa d) f ei, | a Mim i 
=>0=A!: =d-A|: SS Al: =0> 
x, = Cyd Crd Crio Caj Xn = Caja 


is the particular solution of the system. 
We’ll prove that this particular solution cannot be obtained by 


Hy = Cy ky +... + cp dK, +--+ Cin mk 


n-m 


= C1, 
(6) 


Xp = Caki Ho. Cy dk, + + C | ass 


nn-m' “n-m njo 
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' 





Xn = Cosh +... Cm , t.t TER o = 
(7) 
X, = Cg hy +. tep dh +e +O Kon = Oy, 
Cm+1,1 CES Coal SIN Cm+l,n-m 
0. 
C C C 1 
h,1 nj n,n-m 
> k aT - =—¢Z 
C n+l ° Corsi jg et Cm+,n-m 
0. 
Cp )~ ee Ca is Cach 


(because d #1). 


It is important to point out the fact that those k, = k? , j=1,n— m, that satisfy the 


system (7) also satisfy the system (6), because, otherwise (6) would not satisfy the 
definition of the solution of a linear system of equations (i.e., considering the system (7) 
the hypothesis was not restrictive). From X, €Z follows that (6) is not the general 


solution of the homogeneous linear system contrary to the hypothesis); then 





(osaa) =1, irrespective of j=1,n- m. 


Property 3. Let’s consider the linear system 
aX +..+4,,%, = b 


Gt) Hasta, 4, = bp 
b €Z, r(A)=m<n, x,;=unknowns €Z 
Resolved in R , we obtain 


X = jl Coane 


aj, 


By: ee 


z m 

Xm =Sn (Comer 

where f, are linear functions of the form: 

+..t¢.x, +e, 
d, 


L 


i 
f = Cit mel 
= 


2. 





where c’ 


m+j? 


d,e €Z; i=1,m,j=1n-—m. 


e, ; ; soa ; ; ; 
If — eZ irrespective of i = 1,m then the linear system has integer solution. 


Proof: 
For 1<i<m, x, eZ, then f, €Z. Let’s consider 


are the main variables, 
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Xml = U m41Km41 
Xa = u,k, 
e 

rs 1 Er 

Xi = Vp Kma tet Vk, + 
1 

=y” k a+.. +v”k + 

Xin a Vintl ary Va n 


m+1 d 


m 


a solution, where u is the maximal co-divisor of the denominators of the fractions 


m+1 
i 
Cm+j 


d, 


l 








,i=1,m, j=1,n—m calculated after their complete simplification. 


i 
i Cm+j m+j 


Vinej = =a eZ is a (n—m)-times undetermined solution which depends on 


L 


m+19°*"*? 


n-m independent parameters (k k, ) but is not a general solution. 


Property 4. Under the conditions of property 3, if there is an 


r . — io 
i Elm: f, =u 


: e, , 
o Xp beet Ux, + a with u’ 


oo e; 
m EZ, ee er then the 
system does not have integer solution. 
Proof: 


Vx x, in Z, it results that x, ¢Z. 


m+1?** 


Theorem 4. Let’s consider the linear system 
aX ithe ke =D, 


Dy X1 +++ Bap Xn, = Dy 


mn” n 


dij, 


b, €Z, x= unknowns €Z, r(A)=m<n. If there are indices 1 <i, <...<i,, <n, 
i, €{1,2,. n}, h= 1,m, with the property: 
Ay, oe Ay 


A=|: : #0 and 
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Ay =F: f is divided by A 
b,, d mi, mi, 
dii ay; b, 
Ax, = : 1 | is divided by A 
a mi E a mi 1 b,, 
then the system has integer number solutions. 
Proof: 
We use property 3 


d=haa ime =Ay shai 


Note 1. It is not true in the reverse case. 


Consequence 1. Any homogeneous linear system has integer number solutions 
(besides the trivial one); r(A)=m<n. 
Proof: 
A, =0:A, irrespective of h = l,m. 


th 


Consequence 2. If A = +1, it follows that the linear system has integer number 
solutions. 


Proof: 
Ax. : (+1), irrespective of h=1,m; 
A, EZ. 


th 
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